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The decays[1](#Fn1){ref-type="fn"} $\documentclass[12pt]{minimal}
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                \begin{document}$${{{B} ^-}} \rightarrow D {{K} ^-} $$\end{document}$, where *D* indicates a neutral charm meson reconstructed in final states common to both $\documentclass[12pt]{minimal}
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                \begin{document}$${{\overline{D}{}} {}^0} $$\end{document}$, of which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{K} ^\mp } {{\pi } ^\pm } {{\pi } ^\pm } {{\pi } ^\mp } $$\end{document}$ are significant examples \[[@CR1], [@CR2]\]. A straightforward approach to such an analysis is to reconstruct the four-body *D*-meson decays inclusively, which was performed by the LHCb collaboration in a recent measurement \[[@CR3]\]. Alternatively, additional sensitivity can be sought by studying the variation of the observables across the phase space of the *D* decays, a strategy that requires knowledge of the variation of the decay amplitudes of the charm mesons.

Studies of charm mixing and searches for $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{D}{}} {}^0$$\end{document}$ system, which for these final states have only been performed inclusively \[[@CR4]\], will also benefit from an understanding of the variation of the decay amplitudes across their phase space. These decay modes are also a rich laboratory for examining the behaviour of the strong interaction at low energy, through studies of the intermediate resonances that contribute to the final states. All these considerations motivate an amplitude analysis of the two decays.

The decay $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{D} ^0} \rightarrow {{K} ^-} {{\pi } ^+} {{\pi } ^+} {{\pi } ^-} $$\end{document}$ has a branching ratio of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(8.29 \pm 0.20)\%$$\end{document}$ \[[@CR5]\], which is the highest of all $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} $$\end{document}$ decay modes involving only charged particles, and is predominantly mediated by Cabibbo-favoured (CF) transitions. The decay $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} \rightarrow {{K} ^+} {{\pi } ^-} {{\pi } ^-} {{\pi } ^+} $$\end{document}$ is dominated by doubly Cabibbo-suppressed (DCS) amplitudes, with small contributions from mixing-related effects, and occurs at a rate that is suppressed by a factor of $\documentclass[12pt]{minimal}
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                \begin{document}$$(3.22 \pm 0.05) \times 10^{-3}$$\end{document}$ \[[@CR4]\] compared to that of the favoured mode. The favoured and suppressed modes are here termed the 'right-sign' (RS) and 'wrong-sign' (WS) decay, respectively, on account of the charge correlation between the kaon and the particle used to tag the flavour of the parent meson.

In this paper, time-integrated amplitude models of both decay modes are constructed using *pp* collision data collected at centre-of-mass energies of 7 and 8 TeV with the LHCb experiment, corresponding to an integrated luminosity of 3.0 fb$\documentclass[12pt]{minimal}
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                \begin{document}$$^{-1}$$\end{document}$. The RS sample size is around 700 times larger than the data set used by the Mark III collaboration to develop the first amplitude model of this decay \[[@CR6]\]. An amplitude analysis has also been performed on the RS decay by the BES III collaboration \[[@CR7]\] with around 1.6% of the sample size used in this analysis. This paper reports the first amplitude analysis of the WS decay.

The paper is organised as follows. In Sect. [2](#Sec2){ref-type="sec"} the detector, data and simulation samples are described, and in Sect. [3](#Sec3){ref-type="sec"} the signal selection is discussed. The amplitude-model formalism is presented in Sect. [4](#Sec4){ref-type="sec"}, and the fit method and model-building procedure in Sect. [5](#Sec5){ref-type="sec"}. Section [6](#Sec10){ref-type="sec"} contains the fit results and conclusions are drawn in Sect. [7](#Sec16){ref-type="sec"}.

Detector and simulation {#Sec2}
=======================

The LHCb detector \[[@CR8]\] is a single-arm forward spectrometer covering the pseudorapidity range $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$, of charged particles with a relative uncertainty that varies from 0.5% at low momentum to 1.0% at 200$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm {\,GeV\!/}c}$$\end{document}$. The minimum distance of a track to a primary vertex (PV), the impact parameter, is measured with a resolution of $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{\mathrm { T}}$$\end{document}$ is the component of the momentum transverse to the beam, in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm {\,GeV\!/}c}$$\end{document}$. Different types of charged hadrons are distinguished using information from two ring-imaging Cherenkov (RICH) detectors. Photons, electrons and hadrons are identified by a calorimeter system consisting of scintillating-pad and preshower detectors, an electromagnetic calorimeter and a hadronic calorimeter. Muons are identified by a system composed of alternating layers of iron and multiwire proportional chambers.

The trigger \[[@CR9]\] consists of a hardware stage, based on information from the calorimeter and muon systems, followed by a software stage, in which all charged particles with $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\mathrm { T}} > 1.7(1.6){\mathrm {\,GeV\!/}c} $$\end{document}$ and be inconsistent with originating from a PV. A multivariate algorithm \[[@CR10]\] is used for the identification of secondary vertices consistent with the decay of a $\documentclass[12pt]{minimal}
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In the simulation, *pp* collisions are generated using [Pythia]{.smallcaps}  \[[@CR11]\] with a specific LHCb configuration \[[@CR12]\]. Particle decays are described by [EvtGen]{.smallcaps}  \[[@CR13]\]. The interaction of the generated particles with the detector, and its response, are implemented using the [Geant4]{.smallcaps} toolkit \[[@CR14], [@CR15]\] as described in Ref. \[[@CR16]\].

Signal selection and backgrounds {#Sec3}
================================
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                \begin{document}$${{D} ^*} (2010)^{+}$$\end{document}$ is referred to as 'slow' due to the small *Q*-value of the decay. The charge of the muon and slow pion are used to infer the flavour of the neutral *D* meson. Candidates are only accepted if these charges lead to a consistent hypothesis for the flavour of the neutral *D* meson. All other aspects of the reconstruction and selection criteria are identical between the RS and WS samples.
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It is required that the hardware trigger decision is either due to the muon candidate or is independent of the particles constituting the reconstructed decay products of the $\documentclass[12pt]{minimal}
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                \begin{document}$$B $$\end{document}$ meson decay in the event firing the hadron trigger. The software trigger decision is required to either be due to the muon candidate or a two- three- or four-track secondary secondary vertex.

The WS sample is contaminated by a category of RS decays in which the kaon is mis-identified as a pion, and a pion as a kaon. To suppress this background, it is required that the kaon is well identified by the RICH detectors. The residual contamination from this background is removed by recalculating the mass of the $\documentclass[12pt]{minimal}
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Remaining background from random combinations of particles can be divided into two categories. Candidates where the $\documentclass[12pt]{minimal}
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The signal and background yields in the signal region for each sample is determined by simultaneously fitting the two-dimensional $\documentclass[12pt]{minimal}
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For the amplitude analysis, a kinematic fit is performed constraining the $\documentclass[12pt]{minimal}
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Formalism of amplitude model {#Sec4}
============================

The amplitudes contributing to the decays $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} \rightarrow {{K} ^\mp } {{\pi } ^\pm } {{\pi } ^\pm } {{\pi } ^\mp } $$\end{document}$ are described in terms of a sequence of two-body states. It is assumed that once these two-body states are produced, rescattering against other particles can be neglected. Two-body processes are often referred to as *isobars* and this approximation as the *isobar model*. Isobars can be described in terms of resonances, typically using the relativistic Breit-Wigner amplitude for narrow vector and tensor states. For scalar states, there typically are multiple broad overlapping resonances, in addition to significant nonresonant scattering amplitudes between the constituent particles of the state. Such states cannot be described in terms of Breit-Wigner amplitudes and instead the K-matrix formalism \[[@CR22], [@CR23]\] is adopted, and will be denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} $$\end{document}$ initial state and the quasi two-body state. In the above example, there are three different possible orbital configurations of the vector--vector system, and hence this component has three complex parameters.Decay chains are described using a product of dynamical functions for each isobar and a spin factor. The amplitude for each decay chain is explicitly made to respect Bose symmetry by summing over both possible permutations of same-sign pions. The total amplitude is then modelled as a coherent sum of these processes. Spin factors are modelled using the Rarita--Schwinger formalism following the prescription in Ref. \[[@CR24]\]; the details of this formulation are included in Appendix A.

Resonances are modelled with the relativistic Breit-Wigner function unless otherwise stated, which as a function of the invariant-mass squared, *s*, takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$B_L(q,0)$$\end{document}$, where *q* is the three-momentum of either decay product in the rest frame of the resonance, and is normalised to unity at zero momentum transfer. The factor *k* normalises the lineshape integrated over all values of *s* if the Blatt--Weisskopf form-factor and energy dependence of the width are neglected, and is included to reduce correlations between the coupling to the channel and the mass and width of the resonance.

For a resonance that decays via a single channel to two stable particles, such as $\documentclass[12pt]{minimal}
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Fit formalism and model construction {#Sec5}
====================================
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Likelihood {#Sec6}
----------

The probability density functions (PDFs) are functions of position in $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_i$$\end{document}$, determined in Sect. [3](#Sec3){ref-type="sec"}.

The PDF that describes the combinatorial background in the WS sample is fixed to the results of a fit to the two sidebands of the $\documentclass[12pt]{minimal}
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                \begin{document}$$1888.5{\mathrm {\,MeV\!/}c^2} $$\end{document}$. The components in this model are selected using the same algorithm to determine the resonant content of the signal modes, which is discussed in Sect. [5.4](#Sec9){ref-type="sec"}. In this case, the PDF incoherently sums the different contributions and assumes no angular correlations between tracks. The contamination from combinatorial background in the RS sample is very low, and hence this contribution can safely be assumed to be distributed according to phase space, that is $\documentclass[12pt]{minimal}
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The function to minimise is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {L} = -2 \sum _{i \in \mathrm {data} } \log ( P(\mathbf {x}_i) ). \end{aligned}$$\end{document}$$As the efficiency variation across the phase space factorises in the PDF, these variations result in a constant shift in the likelihood everywhere except the normalisation integrals, and hence can be neglected in the minimisation procedure. Efficiency variations can then be included in the fit by performing all integrals using simulated events that have been propagated through the full LHCb detector simulation and selection. These events are referred to as the *integration sample*. The values of the normalisation integrals are independent of the generator distribution of the integration sample, however the uncertainties on the integrals are minimised when integration events approximate the function being integrated, which is known as *importance sampling*. Therefore, integration samples are generated using preliminary models that do not include efficiency effects.

Goodness of fit {#Sec7}
---------------

The quality of fits is quantified by computing a $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle {N}_i \rangle $$\end{document}$, the expected number of entries determined by reweighting the integration sample with the fitted PDF. The statistical uncertainty from the limited size of the integration sample, $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega _j$$\end{document}$ is the weight of integration event *j*. The $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ per degree of freedom is used as the metric to optimise the decay chains included in a model, using the model-building procedure described in Sect. [5.4](#Sec9){ref-type="sec"}.

Fit fractions {#Sec8}
-------------

The values of coupling parameters depend strongly on various choices of convention in the formalism. Therefore, it is common to define the fractions in the data sample associated with each component of the amplitudes (fit fractions). In the limit of narrow resonances, the fit fractions are analogous to relative branching fractions. The fit fraction for component *i* is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {F}_{i} = \frac{ \int d \mathbf {x}\left| \mathcal {M}_i (\mathbf {x}) \right| ^2 }{ \int d \mathbf {x}\left| \sum _{j} \mathcal {M}_j(\mathbf {x}) \right| ^2 }. \end{aligned}$$\end{document}$$For cascade processes, the different secondary isobars contribute coherently to the fit fractions. The *partial* fit fractions for each sub-process are then defined as the fit fraction with only the contributions from the parent isobar included in the denominator.

Model construction {#Sec9}
------------------

The number of possible models that could be used to fit the amplitudes is extremely large due to the large number of possible decay chains ($\documentclass[12pt]{minimal}
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                \begin{document}$$\approx 100$$\end{document}$). A full list of the components considered is included in Appendix B.

A model of "reasonable" complexity typically contains $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}(10)$$\end{document}$ different decay chains. Therefore, the number of possible models is extremely large, and only an infinitesimal fraction of these models can be tested. An algorithmic approach to model building is adopted, which begins with an initial model and attempts to iteratively improve the description by adding decay chains. For $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} \rightarrow {{K} ^-} {{\pi } ^+} {{\pi } ^+} {{\pi } ^-} $$\end{document}$ the initial model is that constructed by the Mark III collaboration \[[@CR6]\], augmented by knowledge from other analyses, such as the additional decay channels of the $\documentclass[12pt]{minimal}
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                \begin{document}$${{{D} ^0} \rightarrow {{\pi } ^+} {{\pi } ^-} {{\pi } ^+} {{\pi } ^-}}$$\end{document}$ performed by the FOCUS collaboration \[[@CR31]\]. The two-body nonresonant terms in the Mark III model are replaced with the relevant K matrices, and the four-body nonresonant term replaced with a quasi two-body scalar--scalar term $\documentclass[12pt]{minimal}
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                \begin{document}$$[{{K} ^-} {{\pi } ^+} ]^{L=0}[{{\pi } ^+} {{\pi } ^-} ]^{L=0}$$\end{document}$, modelled using a product of K matrix amplitudes.
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                \begin{document}$${{D} ^0} \rightarrow {{K} ^+} {{\pi } ^-} {{\pi } ^-} {{\pi } ^+} $$\end{document}$, where no previous study exists, the initial model is obtained by inspection of the invariant-mass distributions. There are clear contributions from the $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (770)^{0}$$\end{document}$ resonances, and therefore combined with the expectation that the vector--vector contributions should be similar between WS and RS, the quasi two-body mode $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} \rightarrow {{K} ^*} (892)^{0}\rho (770)^{0}$$\end{document}$ is included in all three allowed orbital states $\documentclass[12pt]{minimal}
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                \begin{document}$$L=(0,1,2)$$\end{document}$. The scalar--scalar contribution should also be comparable between WS and RS decay modes, and hence the quasi two-body term $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} \rightarrow [{{K} ^+} {{\pi } ^-} ]^{L=0} [{{\pi } ^+} {{\pi } ^-} ]^{L=0}$$\end{document}$ is also included.

The steps of the model-building procedure areTake a model and a set of possible additional decay chains, initially the complete set discussed in Appendix. B. Perform a fit to the data using this model adding one of these decay chains.If adding this decay chain improves the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi ^2$$\end{document}$ per degree of freedom by at least 0.02, then retain the model for further consideration.On the first iteration, restrict the pool of decay chains that are added to the model to those 40 contributions that give the largest improvements to the fit.Reiterate the model-building procedure, using the 15 models with the best fit quality from step 2 as starting points. Finish the procedure if no model has improved significantly.The model-building procedure therefore results in an ensemble of parametrisations of comparable fit quality.

Fit results {#Sec10}
===========

This section presents fit results and systematic uncertainties, with the latter discussed first in Sect. [6.1](#Sec11){ref-type="sec"}. The model-building procedure outlined in Sect. [5.4](#Sec9){ref-type="sec"} results in ensembles of parameterisations of comparable fit quality. The models discussed in this section, which are referred to as the baseline models, and are built to include all decay chains that are common to the majority of models that have a $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi ^2$$\end{document}$ per degree of freedom differing from the best-fitting models by less than 0.1. The results for these baseline models are shown and their features discussed in Sects. [6.2](#Sec12){ref-type="sec"} and [6.3](#Sec13){ref-type="sec"} for the RS decay and the WS decay, respectively. The general features of models in the ensembles are discussed in Sect. [6.4](#Sec14){ref-type="sec"}. In Sect. [6.5](#Sec15){ref-type="sec"} the models are used to calculate the coherence factor of the decays, and an assessment is made of the stability of the predicted coherence factors, strong-phase differences and amplitude ratios with respect to the choice of WS model in regions of phase space.

Systematic uncertainties {#Sec11}
------------------------

Several sources of systematic uncertainty are considered. Experimental issues are discussed first, followed by uncertainties related to the model and the formalism.

All parameters in the fit have a systematic uncertainty originating from the limited size of the integration sample used in the likelihood minimisation. This effect is reduced by importance sampling. The remaining uncertainty is estimated using a resampling technique. Half of the integration sample is randomly selected, and the fit performed using only this subsample. This procedure is repeated many times, and the systematic uncertainty from the finite integration statistics is taken to be $\documentclass[12pt]{minimal}
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There is an additional systematic uncertainty due to the imperfect simulation, which affects the efficiency corrections. The RS data are divided into bins in the $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} $$\end{document}$ transverse momentum, in which the efficiency corrections may be expected to vary, and the fit is performed independently in each bin. The results of these fits are combined in an uncertainty-weighted average, including the correlations between the different parameters, and the absolute difference between the parameters measured by this procedure and the usual fitting procedure is assigned as the systematic uncertainty. Additionally, the data is divided by data-taking year and software trigger category and independent fits performed using these subsamples. The fit results are found to be compatible within the assigned uncertainties between these samples, hence no additional systematic uncertainty is assigned.

The uncertainty associated with the determination of the signal fraction and mistag fraction in each sample is measured by varying these fractions within the uncertainties found in the fit to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta {m}$$\end{document}$ plane.

Parameters that are fixed in the fit, such as the $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho (770)^{0}$$\end{document}$ mass and width, are randomly varied according to the uncertainties given in Ref. \[[@CR21]\], and the corresponding spreads in fit results are assigned as the uncertainties. It is assumed that input correlations between these parameters are negligible. When performing fits to the WS sample, several parameters, such as the mass, width and couplings of the $\documentclass[12pt]{minimal}
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                \begin{document}$$K_1(1270)^{\pm }$$\end{document}$ resonance, are fixed to the values found in the RS fit. The uncertainty on these parameters is propagated to the WS fit by randomly varying these parameters by their uncertainties. The radii of several particles used in the Blatt--Weisskopf form factor are varied using the same procedure. The $\documentclass[12pt]{minimal}
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                \begin{document}$${{D} ^0} $$\end{document}$ radial parameter is varied by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pm \,0.5\mathrm {\,GeV} ^{-1}c$$\end{document}$.

The uncertainty due to the background model in the WS fit is estimated using pseudo-experiments. A combination of simulated signal events generated with the final model and candidates from outside of the $\documentclass[12pt]{minimal}
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                \begin{document}$${D} ^0$$\end{document}$ signal region is used to approximate the real data. The composite dataset is then fitted using the signal model, and differences between the true and fitted values are taken as the systematic uncertainties on the background parametrisation.

The choice of model is an additional source of systematic uncertainty. It is not meaningful to compare the coupling parameters between different parametrisations, as these are by definition the parameters of a given model. It is however useful to consider the impact the choice of parametrisation has on fit fractions and the fitted masses and widths. Therefore, the model choice is not included in the total systematic uncertainty, but considered separately in Sect. [6.4](#Sec14){ref-type="sec"} and [6.5](#Sec15){ref-type="sec"}.

The total systematic uncertainty is obtained by summing the components in quadrature. The total systematic uncertainty is significantly larger than the statistical uncertainty on the RS fit, with the largest contributions coming from the form factors that account for the finite size of the decaying mesons. For the WS fit, the total systematic uncertainty is comparable to the statistical uncertainty, with the largest contribution coming from the parametrisation of the combinatorial background. A full breakdown of the different sources of systematic uncertainty for all parameters is given in Appendix C.Fig. 2Distributions for six invariant-mass observables in the RS decay $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{D} ^0} \rightarrow {{K} ^-} {{\pi } ^+} {{\pi } ^+} {{\pi } ^-} $$\end{document}$. Bands indicate the expectation from the model, with the width of the band indicating the total systematic uncertainty. The total background contribution, which is very low, is shown as a filled area. In figures that involve a single positively-charged pion, one of the two identical pions is selected randomly Table 2Fit fractions and coupling parameters for the RS decay $\documentclass[12pt]{minimal}
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The model-finding procedure outlined in Sect. [5.4](#Sec9){ref-type="sec"} results in ensembles of parametrisations of comparable quality and complexity. The decay chains included in the models discussed above are included in the majority of models of acceptable quality, with further variations made by addition of further small components. The fraction of models in this ensemble containing a given decay mode are shown in Table [7](#Tab7){ref-type="table"} for the RS decay mode with the average fit fraction associated with each decay chain also tabulated. The ensemble of RS models consists of about 200 models with $\documentclass[12pt]{minimal}
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The coupling parameters cannot strictly be compared between different models, as in many cases these coupling parameters have a different interpretation depending on the choice of the model. However, it is instructive to consider how the fit fractions vary depending on the choice of model, which is shown in Table [8](#Tab8){ref-type="table"}. It is also useful to consider how the choice of model impacts upon the fitted masses and widths, which is shown in Table [9](#Tab9){ref-type="table"}. The values for the model described in Sect. [6.2](#Sec12){ref-type="sec"} are also shown, which has compatible values with the ensemble. The variation with respect to the choice of model is characterised by the RMS of the parameters in the ensemble, and is of a comparable size to the combined systematic uncertainty from other sources on these parameters.Table 10Decay chains taken into account in alternative parametrisations of the WS decay mode $\documentclass[12pt]{minimal}
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Both amplitude models are found to have large contributions from axial resonances, the decays $\documentclass[12pt]{minimal}
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The coherence factor is calculated using the models, and is found to be consistent with direct measurements. It is found that the calculated value is relatively stable with respect to the parametrisation of subdominant amplitudes in the WS model. These models therefore provide a valuable input to future binned measurements of the $\documentclass[12pt]{minimal}
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Appendices {#Sec17}
==========

A Spin formalism {#Sec18}
================

The effects of spin and orbital angular momentum are calculated using the Rarita--Schwinger formalism, following a similar prescription to that described in Ref. \[[@CR24]\]. Spin-matrix elements for quasi two-body processes are constructed in terms of a series of polarisation and pure orbital angular momentum tensors. Consider the decay of particle *a* that has integer spin *J*, into particles *b* and *c*, which have integer spin $\documentclass[12pt]{minimal}
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It is preferable to build a generic formulation of the total matrix element for arbitrary topologies, spins and angular momenta, rather than performing an explicit computation for each possible process. A generic approach to computing matrix elements is to introduce a generalised "current" associated with a decaying particle that has absorbed the matrix elements of its decay products. This current can be written in terms of the currents of its decay products as$$\documentclass[12pt]{minimal}
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The rules for how the different spin-projected currents are written in terms of each other is given in Table [12](#Tab12){ref-type="table"}, where these relations are derived by considering the symmetries of Lorentz indices and the parity properties of the matrix element. All of the coupling structures necessary to describe $\documentclass[12pt]{minimal}
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B List of decay chains {#Sec19}
======================

The list of possible decay chains is built from what is allowed by the relevant conservation laws. Approximately one hundred different decay chains modes are included as possible contributions to the model. Certain cascade decays already have well known sub-branching ratios. For example, although the $\documentclass[12pt]{minimal}
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C Systematic uncertainties {#Sec20}
==========================

The various contributions assigned for different systematic uncertainties are summarised in this appendix by a series of tables. The legend for these is given in Table [13](#Tab13){ref-type="table"}, including which sources of uncertainty are considered on each decay mode. The breakdown of systematic uncertainties for the RS decay $\documentclass[12pt]{minimal}
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The inclusion of charge-conjugate processes is implied throughout.
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